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Motivation

GOAL: Develop convergent/stable particle methods for fluid simulations
— Focus on convergence towards smooth solutions

e Extract Lagrangian information (particle trajectories) from simulations
e Generalize to complex scenarios: void / modelling particle interactions

e Focus on two classes of models:
o BAROTROPIC EULER (conservative)

9e(pu) + V- (pu®@ u) + VP(p) =0
Orp + div(pu) =0

o POROUS MEDIA (dissipative)
Op — AP(p) =0

e PRESSURE: depends on density only / defined by P : [0, 4+00) — R

e Same physical model in different regimes
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1. OVERVIEW




Eulerian setting / High friction limit

e Energy for barotropic Euler on M C R? (compact domain)

E(p.u) =+ /M o+ U(p), U(p) = /M U(p)
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Eulerian setting / High friction limit

e Energy for barotropic Euler on M C R (compact domain)

E(p.u) = /M o+ U(p), U(p) = /M U(p)

e U: internal energy, U : [0,+00) — R, STR. CONVEX/SMOOTH

e Thermodynamics:

P(r)y=rU'(r) = U(r), P'(r)=rU"(r)

BAROTROPIC EULER (non-conservative form)

Oru+ (u-Vu+VU(p)=0
Op + div(pu) =0
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Eulerian setting / High friction limit

e Energy for barotropic Euler on M C R? (compact domain)

E(p.u) =+ /M o+ U(p), U(p) = /M U(p)

e U: internal energy, U : [0,+00) — R, STR. CONVEX/SMOOTH

e Thermodynamics:

P(r)y=rU'(r) = U(r), P'(r)=rU"(r)

DISSIPATIVE LIMIT: & — 400
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Op + div(pu) =0
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Eulerian setting / High friction limit

e Energy for barotropic Euler on M C R (compact domain)
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Eulerian setting / High friction limit

e Energy for barotropic Euler on M C R? (compact domain)

W= /M o+ U(p), U(p) = /M U(p)

e U: internal energy, U : [0,+00) — R, STR. CONVEX/SMOOTH

e Thermodynamics:

P(r)y=rU'(r) = U(r), P'(r)=rU"(r)

DISSIPATIVE LIMIT: § — +o0o = POROUS MEDIA (time rescaling)

u=-VU(p)
= Energy: I/{(p / lul’p <0
Op + div(pu) =0

e In both cases, density evolves according to continuity equation

421



Lagrangian setting / L2 structure

e Set X := (2

PO

(M;R?). Lagrangian flow X : [0, T] — X

X(t) = u(t,")o X(t), X(0)=1Id
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X(t) = u(t,")o X(t), X(0)=1Id
e Suppose p(0,-) = po, then if u is sufficiently regular
5+ divipu) = ) P
p+-divlpm) = 0 p(e) = X(t)apo = J-Lers © X()

e Energy in Lagrangian variables:
1 .
§/ IX(8)2po + F(X(£) where F(0)=U(oup), o € X
M

where F: D C X —> R

5/27



Lagrangian setting / L2 structure

e Set X := (2
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(M;R?). Lagrangian flow X : [0, T] — X
X(t) = u(t,")o X(t), X(0)=1Id
e Suppose p(0,-) = po, then if u is sufficiently regular
p+ div(pu) = 0 <= p(t,") = X(t)4p0 = ﬁ&m o X(t)™"
e Energy in Lagrangian variables:
%/M|X(t)\2po+}"(X(t)) where  F(0) = U(oupo), o € X
where F: D C X = R

BAROTROPIC EULER (Lagrangian form)

X(t) = —VxF(X(t))
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Lagrangian setting / L2 structure

e Set X := (2

PO

(M;R?). Lagrangian flow X : [0, T] — X
X(t) = u(t,")o X(t), X(0)=1Id
e Suppose p(0,-) = po, then if u is sufficiently regular
p+ div(pu) = 0 <= p(t,") = X(t)4p0 = ﬁ&m o X(t)™"
e Energy in Lagrangian variables:
%/M|x(t)|2po+f(><(t)) where  F(0) = U(oupo), o € X
where F: D C X = R

DISSIPATIVE LIMIT: £ — 40

X(t) = —=VxF(X(t)) — £ X(t)
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e Set X := (2

PO

(M;R?). Lagrangian flow X : [0, T] — X
X(t) = u(t,")o X(t), X(0)=1Id
e Suppose p(0,-) = po, then if u is sufficiently regular
) i = D) = - P -1
b div(pu) =0 <= ple.) = X(D)apo =GB @ X(0)
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Lagrangian setting / L2 structure

e Set X := (2

PO

(M;R?). Lagrangian flow X : [0, T] — X
X(t) = u(t,")o X(t), X(0)=1Id
e Suppose p(0,-) = po, then if u is sufficiently regular
) i — D) = - P -1
p+-divlpm) = 0 p(e) = X(t)apo = J-Lers © X()
e Energy in Lagrangian variables:

%/M|X(t)\2po+}"(X(t)) where  F(0) = U(oupo), o € X

where F: D C X —> R

DISSIPATIVE LIMIT: £ — 400 = POROUS MEDIA (time rescaling)

X(t) = —VxF(X(t)) = Energy: —}'(X(t)) = / |X(t)| 0o

e Lagrangian counterpart of Wasserstein gradient flow (Otto '01)
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Particle discretization

Discrete setting
Given a fixed partition of M, Py = (P4, ..., Pn),
Xy ={XeX : X(w)=X;=const e RY, Vw e P}

DISCRETE FLOW: Xy : [0, T] — X, so that

pn(t) = Xn(t)ypo = ZPO(P)5X

i=1
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Particle discretization

Discrete setting
Given a fixed partition of M, Py = (Px,. .., Pn),
Xy ={XeX : X(w)=X; =const e RY, Vwe P;}

DISCRETE FLOW: Xy : [0, T] — Xy, so that

pn(t) = Xn(t)wpo = ZPO(P)5X

i=1

How to define F(Xn(t)) or U(pn(t))?

e Incompressible Euler: (Buttke '93, Russo '98, ...)
e Smoothed Particle Hydrodynamics (SPH): p(t) = K- * pn(t)

(+) Flexibility in kernel design = Moment preservation / "high order”
(=) Convergence / U(r) = r* (Franz and Wendland '18)
= Choice of kernel is important
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L? envelope approach

Moreau-Yosida regularization

Given Xy € Xy, define . : Xy — R by

Fu(Xn) = inf 10—l

cEX 2e A

Convention: F(o) =U(oupo) = +oo if ouxpo is not a.c.
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L? envelope approach

Moreau-Yosida regularization

Given Xy € Xy, define . : Xy — R by

Fu(Xn) = inf 10—l

oeX 2e u F(O-)

Convention: F(o) = U(oxpo) = +0o if oxpo is not a.c.

e Incompressible Euler:

1
Fo(Xn) : % squared L* distance to {0 € X : oxdx = dx}

e (Brenier '93) Xy: set of permutations of a fixed grid

o (Gallouét, Mérigot '18) SEMI-DISCRETE OT / Modulated energy

e (Leclerc et al. '20) Convergence by direct method for gradient flows:

0 ifp<1
Wm:/M%m Up) =
+o00  otherwise
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Regularized flow/density

e Minimum in regularized energy is attained by a minimizer Xy

IXn = X%

2
+ F(o) = e

F(Xn)

e Xy NOT uniquely determined:
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Regularized flow/density

e Minimum in regularized energy is attained by a minimizer Xy

X = Xl
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() = min Pl
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Regularized flow/density

e Minimum in regularized energy is attained by a minimizer Xy

X = Xl
2e

2
F-(Xn) = min [Xw = ollx +

oeX 2¢e -F(U-)

F(Xn)

e Xy NOT uniquely determined:

e Xy(Pi) = L; < Laguerre cell (Voronoi tessellation)

e Regularized density (without convolution):

pnv = (Xn)gpo = U(pi) < +o0
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Discrete dynamical system (Gradient flow)

e Time/Space-discrete version of X = —VxF(X)

Xn(tn) <— Current state

2
Xn(ta) € argminil‘xlv(t") ol

o e + 7 (o)
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Discrete dynamical system (Gradient flow)

e Time/Space-discrete version of X = —VxF(X)

Xn(tn) <— Current state

Xn(tn) — ol|2
X5 (ta) € argminM
oeX 2e

'

Potential energy

+ F(o)

[ Xn(t) — X5 (ta) I

S 4 F O ()

9/27



Discrete dynamical system (Gradient flow)

e Time/Space-discrete version of X = —VxF(X)

Xn(tn) <— Current state

2
Xn(tn) € argminM + F(o)
oex 2e
Potential energy Dynamics on [ty, tnhi1)
Xn(t) — Xg(ta)||3 . 7 Xn(t) — Py X (tn
X)X i) T ) = )= PeaXile)

9/27



Discrete dynamical system (Gradient flow)

e Time/Space-discrete version of X = —VxF(X)

Xn(tn) <— Current state

[ Xu(tn) = oz

Xy(tn) € argmin + F(o)
oeX

2e
/ \Hn+1

Potential energy Dynamics on [ty, tnhi1)

—_—

[ Xn(t) — X5 (ta) I

Xn(t) — Pxy Xn(tn)
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€

9/27



Discrete dynamical system (Gradient flow)
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Discrete dynamical system (Gradient flow)

e Time/Space-discrete version of X = —VxF(X)

Xn(tn) <— Current state

2
Xn(tn) € aurgminM + F(o)
oeX 2e
/ \% n+1
Potential energy Dynamics on [ty, thi1)
Xn(t) — X5 (ta)% . q Xn(t) — Py X (ta
” N() N( )HX +]:(XN(tn)) XN(t):— N() Xn N( )
2¢e €
STABILITY

[ Xnv(ta) — Xii(ta) 1%
2¢e

Fe(Xn(tan)) < + F(Xn(tn)) = Fe(Xn(tn))

9/27



Discrete dynamical system (Euler)

e Time/Space-discrete version of X = —VxF(X)

Xn(t,) and Xn(t,) «<— Current state

2
Xn(tn) € argminw + F(o)
oeX 2e
/ \Hn+1
Potential energy Dynamics on [ty, thi1)
Xn(t) — X5 (a3 . 5 Xn(t) — Psy Xi(ta
P00 = XEEE | roxerny) ey — X0 = PeaXa(t)
2¢e €
STABILITY

w + Fe(Xn(tns1)) < w + F=(Xn(tn))
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Simulations - Euler / U(r) = r?

INITIAL CONDITIONS

M =[-05,05*, p(0,x)= G+ G exp( X i ) , u(0,)=0

POTENTIAL/TOTAL

1.04

i
\[\[VVY

1.01 V V

1.00
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Simulations - Euler / U(r) = r?

INITIAL CONDITIONS

2
M =[-0.5,0.5]*, p(0,x) = Go+ Ciexp (—'5—'2) . u(0,)=0
g
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Simulations - Gradient flow / U(r) = r?

INITIAL CONDITIONS

2
M =[-0.5,05]>, p(0,x) = Co+ Ciexp (_%)

POTENTIAL

1.04
1.03

1.02 \
1.01 \

1.00
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Simulations - toy dam break

POTENTIAL ENERGY

/ p2 + g/ yp < Gravity
M M
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2. CONVERGENCE




Main results - Euler

e Initial conditions: Xy(0) = Px,Id (Velocity: Xy(0) = u(0, Xn(0))))
e Initial mesh size: hy = max; diam(P;)

e Smooth str. convex U, such that |P”(r)] < CU"(r)

Theorem: Convergence Euler

Hyp.: (p,u) strong solution, u € C'(0, T; C**(M)), po € CH'(M); either
p > pmin > 0 or |[UY'(0)] < 4+o00. Then,
hiy

[IXn(T) — u(T, Xn(T))|I% + 1 Xn(T) = X(T)|Iz < C(? +hy+e+ g),
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Main results - Euler

e Initial conditions: Xy(0) = Px,Id (Velocity: Xy(0) = u(0, Xn(0))))
e Initial mesh size: hy = max; diam(P;)

e Smooth str. convex U, such that |P”(r)] < CU"(r)

Theorem: Convergence Euler

Hyp.: (p,u) strong solution, u € C'(0, T; C**(M)), po € CH'(M); either
p > pmin > 0 or |[UY'(0)] < 4+o00. Then,

. h2
IXn(T) = (T, Xn(T)I + 1Xn(T) = X(TDE < C(T + b+ + g),
e Role of e: CFL condition 7 = o(¢) / Scaling h3 = o(¢)

— Rate 1/2 for optimal choice

e Positivity non nessary as long as |U!'(0)] < 400
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Main results - Gradient flow

e Initial conditions: Xy(0) = Px,Id (Velocity: Xy(0) = u(0, Xn(0))))
e Initial mesh size: hy = max; diam(P;)

e Smooth str. convex U, such that |P"(r)] < CU"(r)

Theorem: Convergence gradient flow

Hyp.: p strong solution, po € C**(M) and u; = —VU'(p:) € C*>* uniformly
on [0, T]; either p > pmin > 0 or |U}'(0)] < +oco. Then,

[ 150(6) = s Xl + 1X0(T) = X(TYIE < C(2 4 w2+ 5

e Role of e: CFL condition 7 = o(¢) / Scaling h = o(¢)
— Rate 1/2 for optimal choice
1"

e Positivity non nessary as long as |UY’(0)] < +o0

e Integral of velicity error on left-hand side
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Wasserstein distance/semi-discrete OT

Wasserstein distance

Given p, u € P(M), W5 (u,p) = inf{/ | T(x) = x|*dp, Typ = u}
JM

Brenier’s theorem: p a.c. = T = V1, where 1 is a convex function
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Wasserstein distance/semi-discrete OT

Wasserstein distance

Given p, u € P(M), W5 (u,p) = inf{/ | T(x) = x|*dp, Typ = u}
JM

Brenier’s theorem: p a.c. = T = V1, where 1 is a convex function

e Set = py =D, mdx
e Laguerre diagram with weights (w1, ..., wy) € RV

Li={xeM: |x=X|P—w<|x=X/|?—w Vi#j}

e OPTIMAL MAP: T : M — M such that Txp = pn is defined by

T(L,‘):X,', /;p:mj

JL;

e Newton's method to solve for w; (Kitagawa, Mérigot, Thibert '16)
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Eulerian view on regularized energy

_ 2 2
Fo(Xu) = inf M=l gy )= ing Welonp)

i u
geX 2¢e /J€7I3r.:c(M) 2¢e +U(p)

We need it for: COMPUTATIONS / PROOF
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Eulerian view on regularized energy

I Xw = ok . W3 (pw, p)
Xy) = inf 12N — 9% - 21PN, P)
Fo(Xn) Jnf - +U(4p0) pe%ffw) e tulp)

We need it for: COMPUTATIONS / PROOF

e U strictly convex = unique minimizer pf a.c.

e Let V¢ optimal map from p§ to pn
e V1 defined via Laguerre decomposition (L;); with weights (w;);

18/27



Eulerian view on regularized energy

. Xy — o3 . 1%
Fo(Xn) = inf Xy = ollx + U(oupo) = pe;)nf W (pn, p) +U(p)

oEeX 2e (M) 2¢e

We need it for: COMPUTATIONS / PROOF

U strictly convex = unique minimizer pjy a.c.
Let V4 optimal map from pj to pn
V1) defined via Laguerre decomposition (L;); with weights (w;);

Py has an EXPLICIT expression:

Pl = (2U) " ((wi — [x — X[?) v U'(0)), / oo = / po
L; P;

Weights w; are determined via a Newton's solve

C++ libraries with Python wrappers pysdot/sdot (Hugo Leclerc)

18/27



Computing Vi, F:

DISCRETE SCHEME

. — Py, X5 (tn
Xu(t) = = Xu() i Mtn)  x=(4,) € argmin :
oeX £

HX’V(t”) — 0'“% + .7:(0')
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Computing Vi, F:

DISCRETE SCHEME

. — Py, X5 (tn
Xu(t) = = Xu() i Mtn)  x=(4,) € argmin :
oeX £

HX’V(t”) — 0'“% + .7:(0')

Xy is ANY map pushing po|p, to pji|L,

(PxyXn) : Pi — barycenter(py|.;)

e Note: (Px,Xy) is UNIQUE (if Xi # X;) since so is pjy
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Modulated energy: Euclidean setting

e Dynamical system on R": find Y : [0, T] — R” solving

Y(t) = =VF(Y(t)), Y(0)= Yo, Y(0)= Yo

where F : R” — R is CONVEX
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Modulated energy: Euclidean setting

e Dynamical system on R": find Y : [0, T] — R” solving
Y(t) = -VF(Y(t), Y(0)=Yo, Y(0)=Yo
where F : R” — R is CONVEX
e Energy convex function on state space (Y, Y)

YZ
IYF 2' +F(Y)

e Modulated energy (relative entropy): Y,Z : [0, T] — R

F(t,Y|2) = F(Y (1)) - F(2(2)) = VF(Z(1)) - (Y(2) — Z(2))

E(t,Y|Z) = M + F(t,Y]|2)
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Modulated energy: Euclidean setting

Dynamical system on R": find Y : [0, T] — R" solving
Y(t) = —VF(Y(2), Y(0)=Yo, Y(0)=Yo

where F : R” — R is CONVEX

Energy convex function on state space (Y, Y)

YZ
IYF 2' +F(Y)

Modulated energy (relative entropy): Y,Z : [0, T] — R?
F(t,Y|Z) = F(Y(t)) — F(Z(t)) — VF(Z(1)) - (Y () — Z(t))

E(t,Y|Z) = M + F(t,Y]|2)

Stability estimate %E(t7 Y|Z) < CE(t, Y|Z) hinges on bounding

VF(t,Y|Z) = VF(Y(1)) - VF(Z(t)) — V2F(Z(2)) - (Y (1) - Z(2))

20/27



Modulated energy: Lagrangian setting

Potential Energy in Lagrangian variables

Let X : M — M be a smooth map

_ _ po
F(X) = U(Xupo) = /M U (detVX) det VX
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F(X) = U(Xupo) = /M U (detVX) det VX

e M=1[0,1], F: D C X — R, D str. increasing maps, CONVEX iff
c .
A= U(X))\ is convex
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Modulated energy: Lagrangian setting

Potential Energy in Lagrangian variables

Let X : M — M be a smooth map

_ _ po
F(X) = U(Xupo) = /M U (detVX) det VX

o M= [0, 1], F:D C X — R, D str. increasing maps, CONVEX iff
A= U (;) A is convex
e F NOT convex in general: M = B(1) C R? unit ball

Xrot(X) = Rx - x
Xo = ald4+(1—a)Xor, « €]0,1]
)(1/2(X):07 VxeM
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Modulated energy: Lagrangian setting

Potential Energy in Lagrangian variables

Let X : M — M be a smooth map

_ _ po
F(X) = U(Xupo) = /M U (detVX) det VX

o M= [0, 1], F:D C X — R, D str. increasing maps, CONVEX iff
A= U (;) A is convex
e F NOT convex in general: M = B(1) C R? unit ball

Xrot(X) - R7r * X
Xo = ald+(1—a)Xwt, «a€[0,1]

)(1/2(X):07 VxeM
M

e JF may be convex only along specific directions
— geodesic convexity: restrict to X = V1 with 1) convex

21/27



Modulated energy: Eulerian setting

Total Energy in Eulerian variables

2
(p, m) — / % +U(p) where m = pu (momentum)
M
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Modulated energy: Eulerian setting

Total Energy in Eulerian variables

2
(p, m) — / % +U(p) where m = pu (momentum)
M

e Convex function of (p, m) (1-homogeneous + strictly convex)

e Relative kinetic energy

K((pm)|(7m) = 5 [ 1u=ap

e Relative potential energy

U(plp) = / U(p) — U@) — U'(P)p— )
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Modulated energy: Eulerian setting

Total Energy in Eulerian variables

2
(p, m) — / % +U(p) where m = pu (momentum)
M

Convex function of (p, m) (1-homogeneous + strictly convex)

Relative kinetic energy

K((pm)|(7m) = 5 [ 1u=ap

Relative potential energy

U(plp) = / U(p) — U@) — U'(P)p— )

“VF(t,Y|Z)" ? By integration by parts, only need to control

/M P(pIP) < CUIP) | Pol7) = P(p) — P(7) —

Satisfied if |P"(r)| < CU"(r)

Classical (Dafermos, DiPerna)/ Generalizations!

P'(p)(p — p)

22/27



Discrete modulated energy

e Recall discrete dynamical system for t € [tn, tht1)

XN(t) — 7XN(t) o I;XNXEI(t") )

TOTAL ENERGY — + U(pi(ta))

[ Xn (811 4 I Xu(t) — Xu(tn)l%
2 2¢e
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Discrete modulated energy

e Recall discrete dynamical system for t € [tn, tht1)

XN(t) — 7XN(t) o I;XNXEI(t") )
IXu()IE 1 Xn(t) = Xa(ta)ll%
N2 - 2e

TOTAL ENERGY — + U(pi(ta))

e KINETIC ENERGY — %HXN(t)—u(t,XN(t))Ili

([ Xn(t) = Xg(t)ll%
2¢e

e POTENTIAL ENERGY — + U(pn(ta)|p(t))
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Discrete modulated energy

e Recall discrete dynamical system for t € [tn, tht1)

XN(t) — 7XN(t) o I:XNXﬁl(t") )
X1 (X () = Xt
2 2e

TOTAL ENERGY — + U(pi(ta))

e KINETIC ENERGY — %HXN(t)—u(t,XN(t))Ili

([ Xn(t) = Xg(t)ll%
2¢e

e POTENTIAL ENERGY — + U(pn(ta)|p(t))

e Both are discretizations of Eulerian relative energies
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Discrete modulated energy

e Recall discrete dynamical system for t € [tn, tht1)

XN(t) — 7XN(t) o I:XNXﬁl(t") )

TOTAL ENERGY — + U(pi(ta))

[ Xn (811 4 I Xu(t) — Xu(tn)l%
2 2¢e

e KINETIC ENERGY — %HXN(t)—u(t,XN(t))Il%

[[Xn(t) — Xi(ta) I

e POTENTIAL ENERGY — e

+U(p(ta) (1))

e Both are discretizations of Eulerian relative energies

e Need to extend (p, u) outide M to account for | supp(pn) € M

— Construct bounded extension such that d:p + div(pu) = 0 on R\ M.
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Discrete modulated energy

e Recall discrete dynamical system for t € [tn, tht1)

XN(t) — 7XN(t) o I:XNXﬁl(t") )

TOTAL ENERGY — + U(pi(ta))

[ Xn (811 4 I Xu(t) — Xu(tn)l%
2 2¢e

e KINETIC ENERGY — %HXN(t)—u(t,XN(t))Il%

[[Xn(t) — Xi(ta) I

e POTENTIAL ENERGY — e

+U(p(ta) (1))

e Both are discretizations of Eulerian relative energies

e Need to extend (p, u) outide M to account for | supp(pn) € M

— Construct bounded extension such that d:p + div(pu) = 0 on R\ M.

e Gradient flow: consider only potential part
— relative kinetic energy appears with “"GOOD SIGN”
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Back to main results

e Initial conditions: Xn(0) = Px,Id (Velocity: Xy(0) = u(0, Xn(0))))
e Initial mesh size: hy = max; diam(P;)

e Smooth str. convex U, such that |P”(r)] < CU"(r)

Theorem: Convergence Euler

Hyp.: (p, u) strong solution, u € C'(0, T; C*}(M)), po € CH'(M); either
p > pmin > 0 or |[UY'(0)] < 4+o00. Then,

() = u(T, Xu(T)IE + IXu(T) = X(TE < € 4 b2+ ),

Theorem: Convergence gradient flow

Hyp.: p strong solution, pp € C“'(M) and VU'(p:) € C*>' uniformly on
[0, T]; either p > pmin > 0 or |UY/(0)] < +o0. Then,

[ 150(6) = s, (o)) s+ 1X0(T) = X(TIE < C( + bt e+ ),

2427



Numerical rates - Gradient flow

e c=7=1//N = order 1/2

e Porous medium equation / U(r) = r?

e Diffusion of Barenblatt profile: p(t, x) = % (

e
1/VN AX rate AU rate
1.25e-01 4.70e-02 - 1.66e-02 -
6.25e-02 2.78e-02  7.60e-01 9.37e-03  8.23e-01
3.12e-02  1.54e-02 8.48e-01 5.11e-03 8.74e-01
1.56e-02 8.22e-03  9.09e-01 2.72e-03 9.12e-01
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Numerical rates - Euler

e c=/1=1/V/N = order 1/2

e Shallow water equations / U(r) = r?

e Diffusion of Barenblatt profile: p(t, x) =

i (s )
A(t) 164/A(t) N

fox
[e
1/VN AX rate AE rate

1.67e-01 5.33e-02 - 2.76e-02 -

8.33e-02 3.35e-02 6.71e-01  2.00e-02 4.67e-01
4.17e-02 2.04e-02 7.17e-01 1.27e-02 6.51e-01
2.08e-02 1.14e-02 8.39e-01 7.36e-03 7.89e-01

26 /27



Summary and Perspectives

MAIN POINTS

Lagrangian scheme — Exploit dynamical system formulation
Structural link gradient flow/Euler preserved
No convexity for Lagrangian potential F

Modulated energy — Exploit convexity in Eulerian setting
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Summary and Perspectives

MAIN POINTS

Lagrangian scheme — Exploit dynamical system formulation
Structural link gradient flow/Euler preserved
No convexity for Lagrangian potential F

Modulated energy — Exploit convexity in Eulerian setting

OPEN ISSUES

Restriction on hy, 7, € unavoidable?
Alternatives to Moreau-Yosida regularization?
Convergence in non smooth-setting?

Generalizations (Euler-Korteweg, Euler-Poisson theory)..

Thank you!
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Convergence to non-smooth solutions

MAIN QUESTIONS

e Can we prove existence of limit Xy — X" as N = +oco and 7 — 0 ?

e Do the equations of motion pass to the limit?

W3 (on(tn), piv(tn))

—0
2e ’

o Key property: Ensure that Z

n




Convergence to non-smooth solutions

MAIN QUESTIONS

e Can we prove existence of limit Xy — X" as N = +oco and 7 — 0 ?

e Do the equations of motion pass to the limit?

W5 (pn(tn), piv(tn))
2¢e

7T—0

e Key property: Ensure that Z

n

e Key problem: gradient of potential is projected on Xy in dynamics

e Gradient flow case: we can show this if

—0

> [ Xn(tn) — PxNXii(tn)H%T
- 2¢e

e This measure ANISOTROPY of Laguerre cells L;i = Xg(t,)(Pi)



Convergence to non-smooth solutions

MAIN QUESTIONS

e Can we prove existence of limit Xy — X" as N = +oco and 7 — 0 ?

e Do the equations of motion pass to the limit?

W5 (pn(tn), piv(tn))
2¢e

e Key property: Ensure that Z T—0

n

Key problem: gradient of potential is projected on Xy in dynamics

Gradient flow case: we can show this if

—0

> [ Xn(tn) — PxNXii(tn)H%T
- 2¢e

e This measure ANISOTROPY of Laguerre cells L;i = Xg(t,)(Pi)

(Leclerc et al. '20) 1d case for entropy and crowd motion/time-continuous

— Proof generalizes to our time-discrete setting
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